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Exchange Interactions Between Dimers of
Chromium(III). A Cluster Approach
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Exchange interactions in dimers, tetramers and octamers of chromium(III)
are treated with an effective Hamiltonian of the Heisenberg-Dirac-vanVleck
(HDvV) type. Energies and wave functions of the cluster states are computed.
The results of interdimer interactions are: (i) energy splittings and (ii) a
contamination of the cluster ground state with excited configurations. The
results are used for a qualitative rationalisation of the observed low-
temperature properties of Cs3Cr,Clo,.
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1. Introduction

Polynuclear complexes of paramagnetic transition metal ions have been inten-
sively studied in the past decade [1]. They serve as molecular model compounds
for magnetically ordered materials with extended interactions. In contrast to the
latter molecular concepts can be used for the rationalisation of their properties,
which makes them attractive to the chemist. Electrostatic interactions between
the unpaired electrons on the magnetic centres are formally treated in terms of
an effective Hamiltonian, as e.g. the Heisenberg-Dirac-vanVleck (HDvV)
Hamiltonian. For a pair of ions it can be written as

%ex =—2Ja (Sa * sb) (1)

Jab is an exchange parameter to be determined by experiment. For a polynuclear
complex, i.e. a cluster of paramagnetic ions, exact solutions of the appropriate
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HDvV Hamiltonian can usually be obtained. This is in contrast to magnetic
Heisenberg systems in which the interaction extends indefinitely in one, two or
three dimensions [2]. Solutions can only be approximated in these cases.

In real compounds containing clusters of paramagnetic ions a weak intercluster
interaction often occurs in addition to the dominant intracluster coupling. In
this situation the molecular picture obviously needs some modification. This can
be achieved in two distinctly different ways: (1) by lumping the intercluster
effects into a ““molecular field”” term, the classical procedure in solid state physics,
or (2) by explicitly taking intercluster effects into account and constructing a
“supercluster’ consisting of several clusters in the crystal lattice. This approach
may be more appealing to the chemist.

CssCr,Cly contains Cr,Cla~ dimers with a Cr-Cr distance of 3.19A [3]. The
intradimer coupling is antiferromagnetic with —2J =12 cm™" [4]. Evidence for
additional interdimer interactions is provided by inelastic neutron scattering
experiments [3]. At temperatures as low as 1.8 K splittings of the ‘‘dimer
transitions” are observed. For the § =0 § =1 transition this splitting is of the
order of 5 cm ™. In addition the observed transitions show some energy dispersion
in k space, a clear indication of their excitonic character. In the present communi-
cation we are exploring the possibility of rationalising those observations on the
basis of a cluster approach. ’

2. Theoretical Background

Due to the small single-ion anisotropy exchange interactions in chromium(III)
systems can be adequately expressed in terms of a HDvV Hamiltonian, The
“supercluster” to be treated is defined in Fig. 1. It is based on the actual

Fig. 1. Definition of the “supercluster”
consisting of four identical dimers:

Jap =Jeca=Jdes=Jgn; Jaa =Jge =Tos

°og oc Joe =T =Te=Jan;  Jap=Jpe =Jen =Jug
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| -2

Fig. 2. Dimer energy levels

arrangement of dimers in Cs;CryCls. The energy matrix of the HDvV Hamil-
tonian is set up and diagonalized for the (a, b) dimer in the first step, the (a, b, ¢, d)
tetramer in the second and the (a, b, ¢, d, ¢, f, g, #) octamer in the third step.

The dimer Hamiltonian has been defined in Eq. (1). (1) commutes with the total
spin of the pair, and |S,S,SM ) are the proper pair wave functions, with S taking
the values 0, 1, 2, 3. With S, =S, =3 energy eigenvalues are easily obtained as

W W

1 15
S} — T[S +1) -5, @)

NW NW

E(S) =307 (—1)5[

The curly bracket in Eq. (2) is a 6 —j symbol [5]. The corresponding energy
level pattern for J,, = —6 cm™ ", an appropriate value for Cs3Cr,Clo, is reproduced
in Fig. 2.

For the (a, b, ¢, d) tetramer the exchange Hamiltonian, neglecting all but
nearest-neighbor interactions, is given by

Hex = _2Jab[(sa : sb)+ (Sc ' sd)]_ZJad(Sa ‘ Sd) (3)

with the coupling scheme

S] =Sa +Sb
§,=8.+8,; 4)
S=51+Sz

the functions

|(S2S5)81(ScSa)S25M ) (5)
or briefly

|S1S28M)
are used as a basis for the energy calculation. Matrix elements are elegantly

obtained by applying tensor operator techniques developed and reported by
Fano and Racah [6]. They are independent of M, and the 44 x44 matrix is
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symmetrical:
<Slszsl%exlsisés)
331 331
=30russs@sy| 03 5 ¢ Jrenofs 3 ]
3 2 51 5 2 S
+30V(28, + D285 +1)(28,+ 1)(2S5 +1)
S, S 1 LIS, Sh 1
PR A LR G TCE TS ©
S, S, S)ts 3 333 3 3

Considering only nearest-neighbor interactions the exchange Hamiltonian for
the (a, b, ¢, d, ¢, f, g, h) octamer is given by

Hex=—2Top[(Sa - 83)+ (S - 8a) +(S. - §p) + (S * 8i)]
~2Jad[(8o * 8a)+(8a - So)+(S. - $x)]
~2Jae[(Sa - Se)+ (S5 - 8+ (S - S)+(Su - Sn)]
—2J5[(Ss - 87) +(Sp - 8e) +(S: - 81)+(Sa - Sp)]- (7
We choose the coupling scheme

§:=8, +Sb}

8§5:=8.+8;) 81:=8:118>
S3 =Se +Sf} S34=53 +S4
S4=Sg +85,

} S=512+S34. (8)

The corresponding basis functions are thus
{(SaS5)S1(S:84)S21812{(SeS1)S3(S,Sk)S4}S34SM )
or briefly

1(5152)512(5354)S34SM>- (9)

Applying the methods of Fano and Racah [6] expression (10) is obtained for a
general matrix element. As in the tetramer case the matrix is symmetrical, and
the matrix elements independent of M.

{(5152)812(5354)S34}S | # exl{(S152)S 12 (S354)534}S)
= 307,46 (S151)8(5255)8(5355)8(S484)8(S12512)8 (5345 34)

NEEERE MR
—13)°t +_12{ }
X[W{g%sl}“%%sz
311 23_1
ewrfl § terf | ]

R ERE R AR OO I

+305(5255)8(S4S4)[(2812+ 12812 + 1)(2S34+1)
X (285, + D281+ D21 + 1285+ 1)(285 + 1)]'?
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{Su Sz 1}{512 Stz 1}{51 S1 1}
5’34 S34 S S’1 Sl Sz % % %
{534 Si4 1}{53 S5 1}
X1 o 3 3 3

S3 S Stz 2 2

(. f[(_1)sl+si+s2+s4+s34+sg4+s+1+(_1)sz+s3+s3'+s4+s34+sé4+s+1]
+7J [(_1)51+S1+Sz+s3+s§+s4+sa4+s;4+s+1+(_1)s2+s4+534+s;4+s+1])
+308(5151)8(53855)[(2812+1)(2812 +1)(2834+1)
X (2854 +1)(285+ 1)(285 + 1)(28, + 1)(2S + 1)]/?
X{Su Siz 1}{512 S, 1}{52 s} 1}

Si Ss SIlsy s, sJlE 3 3
{534 Si4 1}{54 Sh 1}
sy 8, Ssll3 3 3

X (Jaf[(_1)sl+sa+s4+s;+slz+s;2+s+1 + (_1)Sl+sz+S£+S3+Slz+S;2+s+l]

+Jae[(_1)sl+s3+su+s;2+s+1+(_1)51+s2+s5+s3+s4+s‘;+s12+s;2+s+1])

+ 307 5(512812)8(S345%)| 5(858)8(8,81) (-1

x[(28: + 1)(2S] +1)(28,+1)(2S5 + 1)]/?
X{Sl St 1}{51 St 1}{32 s 1

S, S, Sip 3 3] 3 3 }+6(Sls’1)5(525'2)(_1)s34+1
2 2

3 3 3132 3 3
2 2 20tz 2 2

X[(283+1)(285 + 1)(2S.+ 1)(2S, + 1)]/?

x{S3 S 1}{53 S5 1}{54 Si 1}]
Sy S, sl 3 33 % 3

+5(515'1)3(S4Sf¢)(—1)Sl+sz+sé+s3+Sé+s4+512+si2+53“+sé4+s+1
X[(28,+1)(285 +1)(285+1)(28% +1)

X (2812 +1)(281 +1)(283. + 1)(285, + D]V?

X{Su Stz 1}{512 Sz 1}{534 Si4 1}

S£’:4 S34 S Sé SZ Sl Sf"l S3 S4
S, S5 11(S; S5 1

X{ ;2 ;2 _3.}{ ; ; g}) (10)
2 2 2 2 2 2

3. Computational Procedure

All the computations were carried out on the IBM 370/158 machine of the
computer centre of the university of Bern. Programs were written for the
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calculation of matrix elements. The real symmetrical matrices were diagonalized
by the use of the following routines: EIGEN (Scientific Subroutine Package) for
the tetramer; FO2ABF (Numerical Algorithms Group routine) for the octamer.
EIGEN is based on the Jacobi diagonalisation procedure [7], whereas FO2ABF
converts the real symmetrical matrix into fridiagonal form by the householder
method in a first step and then computes eigenvalues and eigenvectors using the
QL algorithm [8)]. The matrix (10) is blockdiagonal with one block for each
value of S. We were only interested in the blocks with § =0 (dimension 364),
S =1 (dimension 1000) and § =2 (dimension 1400). For economic reasons the
S§ =1 and 2 blocks were diagonalized by an approximate method. Each block
can be arranged as a matrix with non-zero elements on a band along the diagonal.
Diagonalizing only the part with S1, S5, $12, S3, Sa1, S35 =2 of the full matrix
proved to be accurate in our case.
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Fig. 3. Correlation diagram for the lowest-energy tetramer (a, b, ¢, d) states as a function of the
ratio of inter to intradimer exchange. The mixing coefficients of the groundstate wave function are
included
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4. Results and Discussion

The dimer energy splitting (Fig. 2) is a simple Landé pattern. As a result of the
antiferromagnetic coupling the dimer ground state is § = 0.

In Fig. 3 the energies of the lowest teiramer states are plotted as a function of
Jaa/Jap, i.e. the inter to intradimer exchange. |(S.S5)S1(5.54)5.S) are proper
tetramer functions only for J,4/J,, = 0. Off-diagonal matrix elements between
functions with AS =0, AS; and AS;=0, £1 lead to the observed mixing for
non-zero J,, values. Our particular interest is in the cluster ground state, because
it determines the magnetic properties at the lowest temperatures. In the absence
of interdimer exchange the tetramer ground state is |000), i.e. both contributing
dimers are in their respective ground states. With increasing |7,4| |110) is increas-
ingly mixed into the ground state wave function. The mixing coefficients are
included in Fig. 3. |110) corresponds to a configuration in which the dimers,
both in their first excited state § =1, couple antiferromagnetically. Splittings of
the § =1 dimer level of the order of the experimentally observed energy sepa-
rations are obtained for J,4/J,;, = 1/6 (dashed line in Fig. 3). The |110) contribu-
tion to the tetramer ground state is 3% at this J,4/J,s ratio.

For the octamer computations all the three interdimer exchange parameters J,g,
Jues Jos were set equal ~1 cm ™%, corresponding to ratios of inter to intradimer
exchange of 1/6. The corresponding interdimer Cr-Cr distances in Cs;Cr,Cly
are all lying in the range 7-8 AT9]. Fig. 4 shows a comparison of energy splittings
for a dimer, tetramer and octamer. It illustrates the high density of octamer
states above 20 cm ™. A total of 8092 octamer states arise out of the 44 tetramer
states as a result of the additional intertetramer couplings. In the low-energy
part the octamer ground state is the only one separated from neighboring states
by more than 8 cm ™. This is also reflected by the wave functions. Excited cluster
states are highly mixed, and a predominant |(§155)512(S354)534S) contribution
is not discernible. The ground state, however, is still predominantly [000 000 0),

>202 -
————————
110 -
111  —————
20cm-! } 112
5:2
1 } 101
011
S=1
0 — 000
S $,5,5 S=0
a) b) c)

Fig. 4a-c. Low-energy part of the splitting pattern for a) dimer (a, b); b) tetramer (a, b, ¢, d); ¢)
octamer as defined in Fig. 1. J,, = -6 cm ™", Jog=Tp=Ty=—1cm™*
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[000 110 0), |[110 000 0) and [011 101 0) contribute 3% each. This demon-
strates that the contamination of the cluster ground state with configurations in
which individual dimers are in their S = 1 excited states increases with increasing
size of the cluster. In the tetramer this contribution from excited configurations
is 3%, whereas in the octamer it is 9%. Without performing explicit calculations
we can predict that this increase will continue until all the nearest neighbors
of a given dimer have been taken into account. In Cs3sCr,Cly the number of
neighbors within the 7-8 A range is 12 [9]. In our octamer model only three
of these are considered.

5. Conclusions

Energy splittings of the ‘“dimer states”, observed by inelastic neutron scattering
in Cs3Cr,Cly, can qualitatively be rationalized in terms of simple cluster models.
A ratio of inter to intradimer exchange of the order of 1/6 appears reasonable
in comparison with corresponding values in low-dimensional halide systems [2].
Of the large number of octamer states arising from the dimer § =1 state only
very few are accessible by inelastic neutron scattering from the ground state in
good qualitative agreement with the observed scattering behavior [3].

Energy dispersion in k space is a solid state phenomenon. As such it can only
be properly treated by theories taking explicit account of the translational
symmetry of the crystal lattice. OQur cluster approach, nevertheless, provides
some valuable insight into the physical origin of the cooperative effects. The
ground configurations |000) (tetramer) and |000 000 0) (octamer) in which all
the contributing dimers are in their § =0 ground states, cannot provide a
mechanism for any extended interactions. These configurations make up the
cluster ground state in the absence of interdimer exchange. They are still the
dominant contributions to the ground state for realistic values of J interdimer/J
intradimer. But configurations in which nearest-neighbor dimers are excited to
their § =1 state also contribute to the cluster ground state. And from our
calculations we can safely conclude that this will also be true for very large
clusters. This contribution of excited configurations to the cluster ground state
provides a basis for the extended interactions which result in the observed
cooperative effects at the lowest temperatures [3].
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